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Metastable structures of cholesteric liquid crystals with negative diamagnetic anisotropy
in magnetic fields
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Recent studies of a negative diamagnetic anisotropy cholegligtiad crystalline deoxyribonucleic acidn
magnetic fields have revealed a morphology consisting of birefringent stripes superposed by a fingerprint
texture. In order to understand why this morphology appears in high magnetic fields, we performed a numerical
analysis of the elastic properties of the system. The solution of Euler-Lagrange equations associated with the
Frank elastic energy shows that a high enough magnetic field stabilizes a splay-bend distortion which is
damped out at lower magnetic fields. In addition, the solutions indicate that the cholesteric pitch is not constant
in the presence of director fluctuatioi§1063-651X97)05304-X]

PACS numbsds): 61.30—v

[. INTRODUCTION stable only at high magnetic fields. They decay in short dis-
tances for smaller fields. In addition, a long wavelength

_quwd (:,rrzstals_ arﬁ alwa?/s c|<)mpo§ed of arlllsodtroplcdq]?n-mode parallel to the field characterized by a sinusoidal varia-
stituents. The(typically) molecular anisotropy leads to dif- . 'in"the twist is found for solutions in that direction.

ferences in the dielectric and diamagnetic susceptibilities
along different body axes. Therefore, by a suitable choice
for the direction of an aligning field, different types of sym- Il. BACKGROUND

metry breaking may be observed. In particular, cholesteric DNA fragments in aqueous solution form liquid crystal-
liquid crystalline deoxyribonucleic acidlc DNA) when  |ine phased4]. The DNA rods are negatively charged in
placed in magnetic fields tends to align perpendicular to thgolution. Their interaction in the presence of counterions is
field direction[1,2]. The fingerprint texture is observed when dominated by screened Coulomb repulsion which has been
the magnetic field is applied in a plane parallel to cover slipdescribed by an ionic double layer thed®,6]. The solu-
and slide. In addition, a texture comprised of birefringenttions form cholesteric and hexagonal columnar phases. The
stripes overlaid by fingerprint domains is observed at highegholesteric phase is stable between concentrations of 150 mg
magnetic fields. Both textures are shown in Fig. 1. The finDNA/ml and 400 mg/ml with pitchp increasing with con-
gerprint texture is typical of cholesteric materials for which centration from approximately 2 to 0m[7]. Relative to its
the twist axis is oriented by a field. helix axis, DNA has a negative diamagnetic anisotropy. The
The stripe texture shown in Fig.() is similar to one free energy is lowered by alignment of the molecule perpen-
observed by Bouligand in a methoxy-benzilidene—butyl-d'_cm‘?‘r to t_he fle_ld direction. Thus c_hplestenc Ic DNA allgn_s
aniline (MBBA) sample doped with cholesterol benzoge with its twist axis parallel to a sufficiently strong magnetic
He studied the structure by optical microscopy and deducefield: . . .
the molecular orientation as a function of position. In effect Cholesteric Ic DNA samples between slide and coverslip

the cholesteric twist axis became tilted out of the plane of th' ere plac.ed in magnetic fields. The m_olecu[es orient parallel
slide and splayed on either side of the centerlines which in-> glass_ interfaces, therefore the twist axis was general_ly
clude the defect sites. This splay of the twist axis manifest erpendicular to the plane of the slide before placement in
. i . ' . . ~~"the magnetic field. A magnetic field of one of four fixed

(in polarized microscopyas the bright and dark stripes in strengths(1.1 T, 3.5 T, 6.3 T, 9.4 Twas then applied in the

Fig. 1(b). For example, where the sample’s birefringence ro'plane of the slide. Optical microscopy using crossed polariz-

tates the polarization towards the analyzer axis there is g.g \vas employed to study the resuiting textures. A 530 nm

bright stripe. quarter wave plate was used to distinguish regions of oppo-
Reorientation of the twist axis in response to an appliedsjte birefringence.
magnetic field is the realization of a Fe@ericksz transition At sufficiently high magnetic field the twist axis reorients
in a cholesteric with negative diamagnetic anisotropy. Thigo be parallel to the field. At 1.1 T no reorientation is seen.
occurs for applied magnetic fields of 3.5 T and larger inAt magnetic fields of 3.5 T and 6.3 T the twist axis aligns
cholesteric Ilc DNA. By numerical analysis, we have at-with the field. At 94 T a striped texture is observed. The
tempted to understand why the uniformly aligned cholesterigeorientation of the twist axis corresponds to a degenerate
(which appears for 3.5 and 6.3 T fieJddistorts into the Freedericksz transition in cholesterics. The degeneracy arises
stripe texture when the magnetic aligning field becomedrom the two possible choices for reorientation parallel or
large (9.4 T). By solving one-dimensional Euler-Lagrange antiparallel to the field. General summaries of detericksz
equations derived from the Frank free energy, we find osciltransitions in nematics are available in tex&9]. Meyer
latory distortions perpendicular to the field axis consistentconsidered the unwinding of a positive diamagnetic anisot-
with the stripe texture. These oscillatory distortions areropy cholesteric in magnetic field40]. A number of re-
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@ Observer

z X

FIG. 2. The coordinate system used in the solutions of the ordi-
nary differential equations.

(y axi9 thereby reducing the problem to two dimensions.

This assumption precludes simulating the def@atsich are

the points where bright and dark stripes merge in Fig)]1
When the system is treated as two dimensional in a plane

parallel to the slide, solutions to the Euler-Lagrange equa-

tions
(b)
d JF d JF JF
FIG. 1. (a) The fingerprint texture in Ic DNA is shown. The d_X(((me)) + d_z((aﬁlﬁz)) - %:0 1)
magnetic field direction was perpendicular to the average orienta-
tion of the striations(b) The striped texture observed in Ic DNA in
9.4 T field under crossed polarizer and analyzer. The magnetic field
direction was parallel to the average orientation of the stripes. d JE d JE JE
dx((a¢/ax))+dz((a¢/az)) dd 0, 2

searchers further considered cholesterics in magnetic and
electric fields[11-15. The case of Fredericksz transitions
in polymer liquid crystals has been reviewed by Kifb].

The size and axial ratio of the Ilc DNA under stu@@ nm
long and 3-5 nm in diametesuggests that the elastic an-
isotropy, while larger than that of most thermotropics, is
smaller than that of many polymer liquid crystals. Therefore K K
the periodic distortions associated with large aspect ratio F=—1(V-n)2+ —2(n-V><n+q0)2+ —3(n><V><n)2
seen by Lonberg and Meygt7] should not occur. 2 2 2

The primary features of the metastable textures observed
in Ic DNA are found upon numerically integrating the Euler- — —xa(H-m?2, ®)
LaGrange equations obtained from the Frank elastic energy. 2
This approach has been used by Berreman and Heffner to

obtain metastable states in cholesterics under electric field¥here Ki,K,, andK; are the elastic constants for splay,
[11]. twist and bend, respectivelyy is the intrinsic twist,y, is

the diamagnetic anisotropy, ahtlis the magnetic field. The
directorn in Eq. (3) can be represented in spherical coordi-

whereF is the Frank elastic free energy, should describe the
stable director configurations.

The Frank free energy for a cholesteric in the presence of
a magnetic field is given by

lll. CALCULATION
nates as
In order to extract the essential physics resulting in the
formation of stripe distortions a simplified model was devel- ny=sin(#)cod ¢),
oped. The coordinate system was chosen such that the
sample lay in the-z plane, withz indicating the direction of ny=sin(6)sin(¢), 4

the magnetic fieldsee Fig. 2 The observed textures were
assumed to be translationally invariant along the light path n,=cog 6).
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Once derived, the differential equatiofB3Es) of Eqgs. (1)
and(2) were solved for two cases. In case 1, the variation of
the director was considered only in the plane of the sample @25 7
perpendicular to the fielthlongx). In case 2 the variation of
the director was considered only parallel to the field direction
(along z). The details of the derivations of the Euler-
Lagrange equations for the two cases are included in the Sggq
Appendix. ¢2 . ¥ ‘ . <

Angle (radia

A. Numerical solutions

9 -+ AHHHHH A A
The DEs were integrated numerically using fourth order
Runge-Kutta and Bullirsch-Stoer algorithms among others - T - I - T ¥ T -
[18]. A variety of computational strategies were employed in 0.0 02 04 06 08 1.0
order to test for and eliminate numerical artifacts associated
with any one technique. All approaches led to essentially the
same set of solutions. Unless otherwise stated the resuli
reported were integrated using a fourth order Runge-Kut elow the plots of¢ and ¢ as a function of position are line seg-

algorithm. ; :
: . - ... ments oriented at the angles (measured from the axis) and 4
In solving the DEs, the applied magnetic field, the |ntr|n-ﬁ gles ( )

FIG. 3. (8 Solutions for 6 and ¢ obtained by solving Egs.
5), (A6), thus allowing unconstrained director variation. Shown

. i ) ) measured from the axis) plotted above the centers of the line
sic twist of the cholesteric and the elastic constants were a egments. The calculation indicating tteaapproaches zero is un-

separately varied to explore the range of observable strugysical as this would orient the director parallel to the magnetic
tures in parameter space. One thousand lattice sites Wefig|d. The large variation irp when 6 approaches zero is not com-

sampled. The field strength measuredaas xy,H?/K3 (the  pletely unphysical, because the projection in thg plane is small
inverse of the magnetic coherence length squaredt?) there.

was varied from 0 to—10' cm~2. This corresponds to a
range in¢ from infinity to a few hundredths of a micrometer. Thus allowing bothd and ¢ to vary freely resulted in solu-
When solving in thes direction, the total distance covered by tions which were inconsistent with observatidor example,

the simulation is an input parameter in cgs units. When solvthe DNA does not ever become parallel to the field axis,
ing in thez direction the intrinsic twistg, in units of radians  corresponding t@=0).

per lattice spacing, was set to either 0, 0.01, or 0.02. Since In order to test whether the oscillatory solution was an
the pitch is known from experiment, the choiceqpf deter-  artifact of the integration technique used, the equations were
mines the length scale for those simulations. The one corsolved again using the Bullirsch-Stoer algorithm. In prin-
stant approximation K=K;=K,=K3) or the approxima- ciple, this algorithm gives better error correction than fourth
tion K;/K3=K,/K3=2 with K;=1 was used for elastic order Runge-Kutta. Figure 4 shows a typical quasiperiodic
constants. The ratio of 2 attempts to account for typical valoscillatory solution obtained. This confirms that the basic
ues of elastic constants for macromolecular lyotropic liquidcharacter of the oscillation is a general feature which appears
crystals[17]. The discussion that follows focuses on the dis-when the Euler-LaGrange equations are solved simulta-
tortions that can arise in the director for nonzero magnetic
field. A uniform fingerprint texture is always obtained by 3.0
setting the field to zero. ]

1. Case 1:0 and ¢ vary along x (perpendicular to bl 6‘2'5.
When the director was allowed to deviate from its equi- § 20
librium orientation, numerical solution showed that an oscil- £
latory distortion of the director appears in the presence of &
magnetic fields. This is apparently the reason that the bire-
fringent stripe texture forms. A series of numerical refine-
ments were undertaken to try to understand why the stripe 107
texture only forms at high fields and anneals away when 1

1.5+

removed from the field. 0.5
Solution of the Euler-Lagrange equations allowiéignd T T
¢ to vary freely resulted in oscillatory modes in baittand A AN A NN AN AN A S

¢ (Fig. 3). While distortion from their equilibrium orienta-
tions occurred fofa|=10 cm™?, the oscillations became At
evident for|a|=400 cm™ 2. The solutions indicated that both 0 2 40 z (cm) €0 8 100
¢ and @ distort in a complicated way about tlheandz axes,

respectively, with increasing coordinate. The actual obser-  F|G. 4. Solution forg using a Bullirsch-Stoer algorithm. Both
vation, birefringent stripes superposed on a distorted fingefequations for case 1 are solved simultaneously with40. Shown
print texture, corresponds to slight distortions éhaway  below the plot of¢ are line segments oriented at the angle given by
from 7/2 and variation in¢, about some average value. the value of¢ at the center of the line segment.
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neously. Because the simultaneous solutions resulted in ro- 1.4
tations of the director which seemed to be unphysical, sim- . (a)
plifications were made to understand what aspects of the 7
model retained the essential physics. That is, the oscillation l
in ¢ which appears in the solution is consistent with the 107
observation of birefringent stripes appearing at high field. 2¢
The question remained, can a physically reasonable solution 7"
be obtained preserving this oscillatory behaviorgst
Allowing the integration schemes to freely distort the
variables of integration resulted i approaching O repeat-
edly. One way of preventing from approaching O is to fix
its value. By so fixingé at a value slightly different from
/2, a splay-bend mode ip was found. Typically, ¢
would oscillate about its minimum energy orientation. The 1.3
amplitude and periodicity of this oscillation i# depended 1 (b)
on the tilt of # away froms/2. In this case, the oscillation of T
¢ is consistent with the observation of birefringence chang-
ing periodically. Unfortunately, the approximation thét 1.07
was constant is unphysical since it actually fluctuates about 2¢ |
the equilibrium position because of thermal excitations. ]
In order to account for thermal excitations, the fluctuation 0.6
spectrum near equilibrium was approximated by 2

0.6

0.000 0.002 0.004 0.006 0.008 0.010
z (cm)

-1 } + + +
exp( (Kg?2—xaH?)(56)? ], (5) 0000 0002 0004 0006 0008  0.010
2kBT z (Cm)

whereK is an average ellaSt'C constaad is the angle O_Ut of FIG. 5. Two solutions for 3/ in case 1 representing the mag-
the cholesteric plandT is the Boltzmann factor, anglis & netic field stabilized oscillatiofa) and the solution where the mag-
wave vector associated with the spatial extent of the fluctuanetic field is insufficient to overcome dampiig). In this case the
tion. While bounds may be set @p thermal fluctuations do it out of the plane perpendicular to the magnetic field is treated as
exist on all length scales, consequently, the width of thes random variabléleading to the jaggedness of the dafaata for
Gaussian becomes an input parameter. Thus the spatial eke parameterg=800 cm ! and for (@) a= x,H¥K=2.5x10°
tent of the perturbation could be set by choices doand cm™2 and for (b) a=1x10° cm~? are shown. These show the
o= \/kBT/K(qZ— a?), the standard deviation. essential features of the solution to case 1. For the larger value of
The Euler-Lagrange equations derived from HA4) « the oscillation is stable and has the correcO um period. For
were solved forg [using Appendix Eqs(A5) and(A6) and  the smallera the period is larger than that observed in the sample
the variable transformation of E¢A2)]. For these solutions, and the oscillation decays away in a short distance, thus stripes are
a was fixed while 56 was treated as a Gaussian randomnOt expected to be observed.
variable[19] with ¢, the width of the Gaussian, as an input
parameter. Again, oscillatory solutions fgf were found. width of the pair is about 1Qum, thus the wave vector
Typically, ¢ would oscillate aboutr/2 for several hundred B=27/80 um *~800 cm !. When all three parameters
lattice sites, and then jump to an oscillation about/3or  «, -, andB are varied independently, a range of values for
—m/2. The choice ofe determined the periodicity of the g petween 400 and 2000 ci is found to give reasonable
oscillation. These solutions indicated that the orientation rogg) tions. Wheng is chosen based on the measurement of

tated without regard to neighbors in tlzedirection. Since o curvature 8 = 800 cm 1) thena and thus the average
unconstrained rotation is unphysical, one additional paramg|5stic constant can be determined

eter was introduced. Typical results of these simulations are shown in Fig. 5.

A damping term V.Vh'c.h constrains next-nearest ne'ghbo'f\lotable features of those data include an oscillationpof
(on the 1000 site lattigedistortions was subtracted from the . .
about /2, an exponentially decaying envelope about the

field induced change in orientation. This term is of the form™~ " * X .
BAd 1, , where B is a wave vector and oscnlatl(_)n whenea is too small, and a sm_all ampll'Fude ran-
A¢ifli;2=¢i72_¢ifl- The wave vector is not /P, dom noise 'Fern_‘l su.perposed on the oscnl_atory d|§tort|on_of
whereP is the periodicity of the stripeghat periodicity is ¢ The oscillation is not observed at all if the director is
selected byr), but is the local wave vector of the bend-splay forced to remain in the cholesteric planeé<=/2), while it
distortion alongx associated with the surfaces of uniform IS observed whenever the director is allowed to tilt out of the
curvature. An undistorted cholesteric is characterized by placholesteric plane. To treat this result in a physically reason-
nar surfaces of constant director orientatitime orientation —able way, the out of plane director orientation was treated as
twists perpendicular to the surfageShe birefringent stripes @ fluctuating random variable. The small amplitude noise
are characterized by curved surfaces about which the directégrm superposed on thg versusx plots is an artifact of the
orientation twists. The angular change in orientation across wariable transformation of EqA2) from the coordinate sys-
pair of stripes(in the x direction is aboutw/4 rad, and the tem used in the integration to that being used here.
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2. Case 2:0 and ¢ vary along z (parallel to H For the data shown in Fig. 5, both sets have 1000 equally

Integration of the Euler-Lagrange equations in thei- spaced points ix from 0 to 0.01 cm. The initial value of
rection resulted in a perfectly constant pitch witewas held ¢ was chosen as 1 rad, and the initial slope chosen as 1
constant atr/2. However’ a”owinw to vary away from this rad/cm. For both data setswas chosen to be 0.15. For F|g
equilibrium value showed that was no longer a linear func- 5(a) @=2.5x10° cm™? (therefore the magnetic coherence
tion of z. Thus, d¢,/dz=q(z) was no longer a constant. length £=0.2 um) while for Fig. 5b) a=1.0x10° cm™?
The usual fingerprint texture became distorted due to thé£=0.32 um). In both caseg is short enough that the sys-
presence of an additional splay-bend mode. This occurred fdem consisting of a 1@&m thick sample should undergo the
all « including a=0. A long wavelength distortion of this Freederickz transition to align the twist axis with the field.
type may be observed in the Ic DNA system. The simulations, in addition to justifying the presence of

Solution of case 1 shows thatfluctuates about its equi- distortions perpendicular to the field direction, provided in-
librium value in the presence of a magnetic field. Solution offormation regarding the allowed values for the elastic con-
case 2 shows that, in the presence of such fluctuations, tants. The experimental observations were that no oscilla-
constant pitch cholesteric is not expected. Even in the abrory behavior of¢ was seen for 3.5 or 6.4 T fields, while
sence Of a magnetic f|e|d, the p|tCh VarieS. ThIS diStOI’tiOl’] i%irefringent Stripes W|th Spacing,lo /_Lm was seen for an
associated with thermal fluctuations. Damping of this distor-app“ed field of 9.4 T. The physically reasonable values of
tion was not included in the model since divergent solutions, gndo resulting in that periodicity are limited. To get a 10
were not observed. um spacing from the oscillation with=10° cm~2, o must
be ~0.25. This corresponds to a very large fluctuation in
orientation out of perpendicular to the aligning field. For
A. Birefringent stripes: Case 1 «=25,5, and 1& 10° cm~?, respectivelyo must be 0.15,
0.11, and 0.07 to give the correct periodicity. For those val-

Low density cholesteric Ic DNA placed in a 9.4 T field ues ofe the coherence length ranges frgm 0.2 to 0.1um.

FT‘Xhibit.S bir_efringenf[ stripes Whi(.:h are oriented parallel to the‘l’hus the reasonable range in the value of the average elastic
field direction. Their formation is now understood to be an . nstant K=x.H¥a is K=4x10"7 for a=10° to

oscillation in the director orientation stabilized by the mag-\ 4108 for a=10° This range compares well with

netic field. In addition, the wavelength of the oscillation is measurements by others on rodlike polymer liquid crystals
shown to be a function of magnetic field. Solutions to the 7.21]. When the choice of is made based on the mea-

appropriate Euler-Lagrange equation are calculated b .
evolving ¢ versus position. The basic character of the oscil- urement of the curvature observed in the lc DNA system

— —1 — -2 -2
latory solutions is seen in Fig. 5. Plotted are/2r versus Btgb?gosglwtiontshen @=2.5%10° cm™ 21X 10° cm ™2 for
x for two parameter sets. Also shown are a series of liné In the oh sic.al svstem. at 9.4 T the birefringent stripes
segments representing the projection of the director orienta- pny y ’ : 9 P

tion in thex-y plane at the position determined by the CenteronIy occur in the lower density cholesteric regions. In some

of the line segment. The special value & /2 (corre- samples, a concentration gradient existed with birefringent

sponding to 1.0 on the vertical axiss an arbitrary phase stripes in the low density cholesteric bounded by higher den-

included in the variable choice for the Frank free energy ins’Ity aligned fingerprint texture with no stripes, bounded by

Eq. (Ad). This phase changes continuously alongzitirec- the higher density columnar phag®#. The phase transition

tion representing the twist of the cholesteric director. Whenfrom cholesteric to columnar requires thidt and K in-

; crease and ultimately diverge just prior to the transifid2.
¢ became larger tham or smaller than zero, numerically, . ; ;
o ; When the elastic constants increagewill decrease, the
the oscillations occurred aboutz® or equivalently— /2.

; length scale for the oscillatory distortion i will increase,

These mOdeS were the same as Fhose adtsince the andg any oscillation will decayywithin a short distaries in
director is not a vector. By increasing the scale alongxthe Fi .

) ; ) . ' ig. 5(b)] and will not be observed.
axis, oscillatory solutions with a few peaks in the calculated
range are found for much smaller valuesaolnd/oro. Thus
the simulation predicts an oscillatory distortion, the spatial
frequency of which depends an Solving the Euler-Lagrange equations in the direction par-

The cgs system of units is chosen to apply to the simulaallel to the magnetic field revealed the presence of a noncon-
tion and to the experimental data. For the real DNA systemstant pitch. This variation in pitch was not related to the
alignment of the twist axis occurs fd|<35 kG. The anisot- increase in pitch seen in positive diamagnetic anisotropy ma-
ropy in magnetic susceptibility is 45610 % emucn?/G terials as the magnetic field unwinds the twisted structure.
[from superconducting quantum interference deviceFor the negative diamagnetic anisotropy materials being con-
(SQUID) magnetometer measuremgnif0]. Typically the  sidered here, in the absence of distortions, the twist axis will
average elastic constants for polymer liquid crystals are omlign parallel to the field direction and no spatial variation or
the order of 5<10  dyn. For these values the magnetic field dependent change in pitch is expected. Observation of
coherence length would be0.9 um. When the oscillatory all cholesteric fingerprint textures which were obtained by
distortion manifests itself at larger field84 kG), the coher- alignment in 3.5 and 6.4 T fields showed pitch variations
ence length(assuming the same paramejessould be parallel to the field direction. These variations were typically
~0.3um. In performing the simulation, we are able to ex- discounted as being due to surface defects or inhomogene-
tract a range of values for the average orientational elastities, but apparently are associated with near equilibrium per-
constants. turbations about the minimum energy state.

IV. DISCUSSION

B. Distortions of fingerprint: Case 2
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Case 2 for in case 1 by including a next-nearest neighbor term in the

T T DEs which represented long-range interactions. Damping in
case 2 was not necessary since divergent solutions were not
present for physically meaningful parameters.

0.04f
L Initial 6 =7/2.125

0.03 The periodicity of the birefringent stripes shown in Fig.
1(b) is obtained by treating the spherical angfeand ¢ as a
—~0.02| function only of the distortion axig (case 1. An oscillatory
§ ’ = distortion arises as an instability due to the presence of fluc-
% 0.01L . L . L tuations in molecular orientation out of the plane perpendicu-
@ 05 0.6 0.7 0.8 0.9 1.0 lar to the applied magnetic field. By solving the Euler-
W 3.0 Lagrange equations derived from the Frank free energy, and
2 o5 incorporating measured values of the magnetic field and the
3 s0f diamagnetic anisotropy of DNA fragments, approximate val-
15t ues for the average Frank elastic constants were determined.
) Solutions of the DEs along the field axisndicated that
1or pitch varies with position due to the fluctuations from per-
057 pendicular alignment. Distortions and fluctuations in béth
005 and ¢ always exist due to boundary conditions and thermal

excitations. The deviation from the perfect cholesteric be-

came more pronounced as the field strength was increased.
FIG. 6. Plots showing the derivative @f with respect ta as a

function ofz for case 2. The distance scale alanig determined by ACKNOWLEDGMENT

the intrinsic twist per lattice sit€0.02 rad. Field amplitudes range

from 1 to 950. These values are divided by that distance scale ThiS research was supported by the State of Florida
(7x10°4 cm) squared to compare with used for case 1a) The through the Center for Materials Research and Technology

initial value of @ is 7/2.125.(b) The initial value of@ is /2.5. (Martech.
The length scale for case 2 is determined based on the APPENDIX
number of lattice site$1000 and the chosen average twist
per site. Since the DNA cholesteric pitch is 2u2n [7] the 1. Case 1:0 and ¢ as a function ofx only
choice of twist per sitetypically 0.02 rad determines the (perpendicular to the field)

length scale simulated. For a 1000 site lattice, at 0.2 rad/site | grder to obtain the simplest functional forms for the

and a pitch of 2.2um, the lattice size corresponds t0 7.0 pgs the spherical-polar coordinate system is chosen such
pm. Thus thea’s used in case 2, correspond o & in - that the polar angley is chosen from thex axis, and the
case 1 by a multiplicative factor of 4910 °. The pitch  57imuthal angle/ is chosen in they-z plane. With this

The individual graphs in Fig. 6 are distinguished by the fixed

tilt of ¢ away from#r/2. For small values of6— /2| and ny=cog 7),
small «, the variation in pitch was smal[Fig. 6a),
a=100]. As o was increased a very long wavelength peri- ny=sin(7)cog{), (A1)

odicity in the pitch became evident.

n,=sin(7)sin({).
C. Summary
Cholesteric Ic DNA is a novel polymer liquid crystalline Comparison with Eq(4) reveals thep and{ are related to

system for a variety of reasons. This paper focuses on sonfeand ¢ by
consequences of its negative diamagnetic anisotropy. When

placed in a magnetic field, a Freericksz transition occurs, cog n)=sin(6#)cog ¢), (A2)
causing the twist axis to aligfon averagg parallel to the ) )

magnetic field. By integrating the Euler-Lagrange equations . sin(@)sin(¢)

derived from the orientational Frank free energy, distortions sin(¢)= sin( )

to the perfect fingerprint texture have been found in agree-
ment with experimental observation of the Ic DNA system.In the (#,{) coordinate system, a perfect cholesteric in a
The disorientation arises when the projection of the directopyagnetic field giverH=Hz with twist axis parallel to the

in the direction of the magnetic field is nonzero. That is,fig|q corresponds t@=0, and 7 any value from[0,2x].
when there exists a net torque on the molecules. Near the{=0 state, using Eqs(Al), Eq. (4), and small

In simulating the observed Ic DNA textures, the two di- 3ng1e approximations for the trigonometric functiogsand
rections in the plane of a confined sample were treated sepg- 5re related by

rately for simplicity. The details of the derivations in each
case are outlined in the Appendix. The treatment of the two

. . . 5 7]
directions separately led to underdamped and divergent so b~

. ) —=, (A3)
lutions for some ranges of the parameters. This was corrected NA
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0~2(1— 70). respond to states of stable or unstable equilibrium and can be
chosen to be any value with a suitable choice for the phase
Since a well defined cholesteric corresponds to the regimé.e., a suitable coordinate rotatjon
{—0, the physically relevent solutions for the Ilc DNA sys-

tem allow for a one-to-one correspondence betweeand 2. Case 2:0 and ¢ as functions ofz only
(parallel to the field)

n.
Substitution of Eq(A1) into the Frank free energy of Eq. In this case the simplest equations are obtained by using
(3) gives the coordinates mentioned in Ed@4), n,=sin(f)cos(p),
n,=sin(f)sin(¢), andn,= cos(). The same prescription out-
F=3{Ky 7' %sir?(n)+K; ¢ %sin(5)+ Kscog( n) lined in case 1 is followed. Differentiation with respectzo
only is carried out. The intrinsic pitch is included since,
X[ 52+ {'?sir( )]~ xaH?siN?(5)cos ()} along thez direction, by construction we expect the choles-
(Ad) teric twist to be nonzero. Substitution of Ed) into Eq. (3)
leads to

The notation a’ implies da/dx and a” meansd?a/dx®. . _ _
Note that the the intrinsic twist term has been dropped. This F= 5 {K; 62sir?(0) + K[ ¢'sinP(6) — o]+ K3cos( )
reflects the fact that since the twist axis is assumed to be

~ X 12+ 1245 _ 2 )
parallel toz we expect no intrinsic twist along. Further, L6 ¢'%sir(6)] - xaHcos(0)} (A7)
variations in thez direction are not considered. The resulting Euler-Lagrange equation bis
The resulting Euler-Lagrange equation for the polar angle ' L
nis 0"=[(K3—Ky) 6"2+2K; ¢’ ( ¢'sir’(6) — o)
" / , : in(20)
7" ={(K3—Ky) 72+ {'2[2K,sin?(5)+Kacoq27)] 2 2 sin
s 2 3 K3 ¢"7cod20) + XaH Iork S (6) T Kaco2(0)]°
sin(27)
_ 2
The equation forp in this case is
The equation for the azimuthal angieis )
_ _ _ Kugo+C/sint(6)
— 7' §'[2Kasin?(7) + Kgcog 2) Jsin(2) ¢ =K ,Sif(6) T Kc02(0)’ (A9)

§/I= — -
S () [ KoSire(7) + K005 ()] whereC is an integration constant associated with intrinsic
xaH?sin(2¢) twist (set to values of 0.0, 0.01, and 0.02 rad per unit lattice
+ 2[K,Sir?( ) + K3co( )] (AB) spacing for different runs Since Eq.(A9) does not contain
H, the dependence ap on the field arises only implicitly
We note that fixed points of the DEs arise fp= n7/2 and  through the field dependence éf Further we also note that
{=na/2 for any integern since this causes the sines to #=ns for any integem (corresponding to the director ori-

vanish in the numerator of each equation. These values coented parallel to the fiejdeads to a singularity in EqA9).
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